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ABSTRACT 



For background geometries whose metric contain a scale 7 we re- 
formulate the Born-Infeld D-brane action in terms of e = 7/(27ra'). 

Q^l This may be taken as a starting point for various perturbative 

treatments of the theory. We study two limits that arise at zeroth 
order of such perturbations. In the first limit, that corresponds to 
the Qs ^ 00 with e fix, we find a "string parton" picture, also in 
r^ ! the presense of some background -Ri?-fields. In the second limit, 

cd I e ^ 0, we find a topological model. 
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1 Introduction 

In this brief letter we study two limits of the Born-Infeld D-brane action. 
We base the treatment on an expansion in a rescaled tension e, and include 
a full background. 

We first take a new look at a "strong coupling" limit {qs — > oo). This is 
intended as a supplement to the discussion in |1[] and where the D-brane 
world volume was shown to be foliated by string world sheets in this limit. 
The result is a corroboration of the foliation picture plus the modified equa- 
tions involving the background n-forms. In particular, we give an example 
showing that the allowed "string partons" are either infinite (which might 
correspond to Dl-branes), closed or open strings ending on other D-branes 
(sources of the i?i?- fields ). We also show that the string theory must be of 
type IIB. 

The second limit we present is e — > 0. Here we give an e expansion to 
first order and discover that the leading term is topological, i.e. independent 
of the metric. For the case when the dilaton and the 0-form are constant it 
is proportional to the Chern class of the ?7(l)-field. 

We suggest that both these limits might serve as suitable starting points 
for investigating Z)-branes order by order in a parameter expansion. To do 
so one needs to specify the background, however, and we leave this as a topic 
for future studies. 



2 Background 

The long wavelength limit of D-brane dynamics is described by the Born- 
Infeld action 

SsiiTp) = Tp J (F+^ie-^'sJ- det(7.j + -F,,), (2.1) 

where 7jj = diX^djX"G^y{X) is the metric on the world-sheet induced from 
a background metric G^^ and J^ij is a world-volume two-form, 

T,j = 2TTa'd[,Aj] + B,j. (2.2) 

Here Bij = diX^djX^B^y is the pull-back of the (dimensionless) background 
Kalb-Ramond field. The p-brane tension Tp is related to the fundamental 



string tension T = (27ra') ^ and the string coupling constant Qs = e*°° by 

T„ = ^—^ , (2.3) 

with $00 being the dilaton expectation value and $' = $ — $00 • 

We shall be interested in the case when the background metric G^u con- 
tains a parameter 7 of dimension length"^. As described in this can then 
be used to introduce a perturbative scheme in the rescaled string tension^ 
e = 2^- The parameter 7 may, e.g., be (the square of) the radius of (anti) 
deSitter space. In general 7 will be choosen from the parameters in the string 
moduli space, and this choice will not be unique. 
Rescaling the fields according to 

C = l-k\ X'^ = 7"^^^ A^ = l'^A^, (2.4) 

and including the additional coupling to the various (dimensionless) anti- 
symmetric forms C^i...^j., the D-brane action in terms of dimensionless fields 
reads 

S 



where 



Tp 


jd^^^ie-^'f- 


-deti^ij + ^ij)+gs J CAe^ 


f 


e^V 


^ij = -d[iAj] + Bij. 


' 9s{2nr.'^ 



(2.5) 



(2.6) 



The action p^.5| is written in the string frame. The dilaton (coupling 
constant) dependence of the brane-action is frame dependent. We choose 
to consider the string frame since here the mass of fundamental strings is 
(9(1) in the string coupling and thus unaffected by our strong coupling limit. 
Other limits have been considered, however [Q. 

3 A strong coupling limit 

In this section we will study a limit of the D-brane action when gs ^ 00 in 
the context of Type IIB string theory. 



"^Calling e the tension is really a misnomer. It is a dimensionless entity and only related 
to the fundamental string tension via a rescaling. We hope that this will not cause any 
confusion. 



In general, to investigate the strong coupling limit of string- or M the- 
ory one would like to consider the limit of the action ( p.5|) for large gs 
in conjunction with a transformation of the background |^. We will ad- 
dress the simpler problem of taking the limit (^^ — *> oo, or more precisely 

p+i 

^—^ << 1, s = const, in a fixed background. 

The restriction to Type IIB theory is now evident from the following: 
In Type II A string theory, because of its IID M-theory origin, the string 
coupling Qs is related to the radius R\i of the compactified dimension through 

2 4 

giya' = Rn. Hence gi = e, (identifying 7 = R\]^/2'k in the definition of e 
above), and it is inconsistent to let gs ^ 00 keeping e fixed. 

Using the method employed in [|l| and , we find the desired limit to be 
(dropping tildes). 



5 = 1/ rfP+^e [v'W^i'y 



Uj 



+ Jij, 



p+] 



c ^ 



„T 



(3.7) 



where V^{^ and W^[^ are world volume vector densities. This may be 



considered as the zeroth order term in an expansion of the action ( |2.5|) in 
powers of g~^ . We will study it in its own right, though. 
The V^ and PF-'-field equations derived from (|3.7|) read 







0, 



and the integrability condition^ for these equations is 

det(7ij + J^ij) = det(7ij + B^ + e^^Fij 



0. 



(3.8) 



(3.9) 



To gain a first quahtative understanding of this relation, we set B = 0. 
In this case it is equivalent to 
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det{6] + e-^F 



0. 



(3.10) 



In analogy to the usual treatment of the Born-Infeld action one might be 
tempted to employ a weak gradient expansion [^ and expand ( p.lO| ) in a 
power series in \dA\ << 1. However, as is easily seen, this implies that 

'^We shall not be interested in the trivial solution V^ = W^ — 0. This corresponds to a 



theory with an WZ action given by the second term on the r.h.s. of (3.7) 



e^ oc trF"^ « 1, which is not true in general. E.g., when the background 
is Minkowski space we have e oc cxo0. We thus learn that the weak gradient 
expansion is not in general viable. 

3.1 Solving the VW-equations 



Although the equation ( |3.9D says that the combined matrix 7 + JF is degen- 
erate, this is not so for the induced metric 7 itself. We may thus introduce 
a vielbein e\ and its inverse ef on the world-volume according to 

e'le^r^ab = lij a,b = 0,...,p, (3.11) 

where rjab is the p+ 1-dimensional Minkowski metric. In [||] it was found that 
the first part of the action ( |3.7| ) has a two-dimensional Lorentz structure. 
This may be displayed by a redefinition of V^ and W^. With e~^ being the 
determinant of the inverse vielbein, we use the SO{p, l)-tangent space group 
to writeQ 



v -- 


- (e^o + el)Ve-i^(e-+el), 


W -- 


= (e^-el)v/i^^(e^-el). 



(3.12) 

thus breaking the tangent-space group down to 5*0(1, 1) x 5*0(^ — 2). In this 
gauge, ( |3.8| ) reads 

•Jij^Q ~ lij^l} -Jij^l = lij^Q} (3.13) 

or, equivalent ly, 

(•^')Ve^o,i = e^,i (3.14) 

with the integrability condition 

det r^i - (^2)'.') = 0. (3.15) 

Expanding the two-form JF in the bivector basis 

jr = \j^^^dC A df = iJ^abe" A e^ (3.16) 

^This results if we think of Minkowski space as the R^ oo Hmit of de Sitter space. In 
an ahernative scheme discussed in e is of order 1 which also violates our inequality. 
^We introduce the tilde notation for later convenience. 



( p.l3| ) is solved by 

jr = jril + jr^ = 2e° A e^ + J'Aije^ A e^, A,5 = 2,...,p, (3.17) 

or, equivalent ly, 



V[o^] = e{l-Boi), VioAA] = -eBoA, 

V[iAa] = —eBia, J^ab = ^^ '^[aAb] + Bab, (3.18) 

where V = d + u ■ M is the covariant derivative, u being the spin-connection 
and M the Lorentz-group generator. 

The integrability condition ( p.l5|) is of course identically satisfied by 
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We thus learn from the V and W equations that the 2-form JF splits 
into one part which lies in the 2D tangent space spanned by e° and e^, and 
one part which lies entirely in the orthogonal part spanned by the c^'s. As 
seen from (|3.18|) , when B = 0, this implies that the D-brane electric field is 
constant and lies in the ei direction. 

3.2 The A-equations 

The A field equations that follow from ( |3.7| ) are 

d, (V^W^^) = J^ (3.19) 

where JT* represents the contribution from the background RR gauge fields 
and is given by 

(P+l)/2 -, 

where *if 'i'-'p-i is the dual of the pull-back of the field strength of the C^"^ 
form. 

In |1|] and the structure of the theory was shown to be simplified in 
the following diffeomorphism gauge: 

diV' = diW' = 0. (3.21) 



In that gauge ( |3.19| ) may be rewritten as 

[V, WX = T (3.22) 

where [., .] denotes the Lie-bracket. 

The equations ( |3.19[ ) are highly non-hnear. To proceed further we need 
to make some simphfying assumptions, and we first consider the case when 
the background RR gauge fields are zero (C*^"^ = 0). In that case (|3.21D says 



that \y^di, W^dj] = which means that those directions may be choosen as 
coordinate-directions [Q]. In view of ( p.l2|) we choose to use the e directions 
instead. Explicitly, we thus use a diffeomorphism gauge whereQ 

e\ = {ehleh\,e\}, (3.23) 

which has the inverse 

e.- = {e-hle-hl,el,}, M = 2,...,p 

A N _ .N M B _ S.B . 0,1 _ _.-|. A 0,1 /o rj.N 

Again setting B = and returning to equation ( p.l3|) , we find 

r, = e6{, F\=e5l. (3.25) 

We see that (the mixed components of) the U{1) curvature now splits into one 
part in the 2D-plane spanned by ^^ and ^^, and one part in the complemen- 
tary directions spanned by the ^*^'s. Alternatively, the covariant components 
are, (setting e = 1,) 

Fi, = ed^X^diX^'G^, , F,i = ed^X^'doX^'G^, , (3.26) 

with Fab arbitrary. This is the jF-solution. This gauge also leads the follow- 
ing expressions that result from (|3.11|) : 



X^^X-G^, + X'^X^'G,, = 700 + 711 = ^oo + r/n = 
X^^X'^G^, = 701 = r^oi = (3.27) 

i.e., the Virasoro constraints, (parametrized by ^*,i ^ 0,1), in conformal 
gauge. 



We may also use the residual symmetry preserving (3.21) to set e — 1 



3.3 The X'^-equations 

The Xf^ field equations that follow from ( p.7| ) are 

- V'W^d,XPd,X-{Gp, + Bp,),^ 
where /^ contains the contribution from the RR gauge fields 



(3.28) 



(P+l)/2 
s=0 



(p + l-2s)!2^s! ' ' HP+1-2S) 



^h.--i(p+l-2s)Jik-^...jsks }J 



M/il...M(p+l_s)-' ] 



•^Jlfei-'-^J 



Jsf^s ' 



(3.29) 



and Kfj^ contains the 5-field strength. Setting the C"'s to zero and using the 
gauges ( p.l2| ), ( |3.23|) , the equation ( p.28| ) becomes 



d^X" - dlX^" + T^'d^X^doXP - T^p^diX^diXP = 



(3.30) 



i.e., the equation of motion of a string in the 01-coordinates in conformal 
gauge. Since we also have the Virasoro constraints ( |3.27| ), we see that the 
stringy picture is complete. 



3.4 Comments 

The interpretation of the strong coupling limit that arises from the above 
considerations when C*-"-* = is as follows: The world-volume is foliated by 
world-sheets of (generally {p, q) charged) strings. These strings are either 
closed or infinite. The form JF is likewise split into one component in the 
world-sheet direction and the rest in the complementary directions. When 
B = this splitting applies to the U{1) field-strength itself: The component 
in the world-sheet is then determined by the string tension e and those in 
the complementary directions are not determined by the field equations, in 
agreement with the role of the A- field as a Lagrange multiplier (in this limit). 
To gain some further insight into the "string parton" picture one may 
argue as follows: If instead of the gauge choice ( 3.23 ) we only make a partial 



choice Cq = (5q, we find from the A-equations ( |3.19| ) that (in the absence of 
i?i?-fields). 



doiT = dmeT = 0, m = l, 



,P- 



(3.31) 



Thus e^ is independent of ^° and divergence-free in the spatial indices m. 
This means that e"^ has no sources and that its field lines are either closed or 



go off to infinity. Since the relations (|3.21|) still hold in this gauge, we retain 



the string interpretation with the e™-direction representing the spatial string 
direction. We thus conclude that the strings are either closed or infinite. 
The strings going off to infinity might possibly have an interpretation as 
Dl-branes (corresponding to branes within branes). 

When C^""' 7^ 0, the situation will in general be more complicated. The 
one exception is when only C^''^'^^^ 7^ 0, since this field does not enter in 
( p.22| ). The above analysis thus goes through, but now there is a C'-^"*"^-'- 



dependent source on the right-hand side of ( |3.28|) . When C*^"^ ^ 0,n < p+1, 



the equations become very hard to analyze, in general. There are special 
cases, however, where an analysis similiar to the one above is possible. We 
now discuss one such example. 

Staying in the gauge Cq = Sq and making the further gauge choice doe^ = 
0, we find from the A-equations (|3.19| ) that 



eo,gi]" = 0, [Bo,e,r = J"'. (3.32) 



Hence only the spatial components of the currernt (p.20|) , J'"^, enter the 
commutation relation, not J^^. Clearly, in backgrounds where J'"^ = we 



may again use the coordinates ( 3.23| ) (with e = 1 for simplicity), and the 



string interpretation is again viable. 

To gain an understanding of the circumstances that might yield such a 
result, let us consider the current (|3.2(]| ) for the special case when only C^^^^^ 



and C^P~^^ 7^ 0. The first of these will not affect ( ^.32] ), as discussed above. 
The statement that JT"™" = is then tantamount to *H"^ = 0. A sufficient 
condition for this to be true is that 

doX^^H,,,,,,^ = 0. (3.33) 

This last condition has a rather clear physical meaning: Since we may now go 
to coordintes ( |3.23| ) where the string interpretation holds, we can restate it as 



P^^i7^^...^p = 0, i.e., the fieldstrength H^^^ is orthogonal to the momentum- 
density P of the "parton" string. Since furthermore our gauge choice SqC^ = 
implies that 5^6^ = ^7"°, the argument below ( |3.31| ) extends to say that in 
this case the " string partons" are either infinite strings, closed strings or open 
strings that end on the D-branes that are sources for C*^^"*"^) and C^^~^\ The 
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last case requires that these sources intersect with the world-volume of the 
D-hieme under discussion llTll. 



4 The e ^ limit. 

In this section we turn to the e ^ limit of the action (|2.5|) . This may be 
interpreted as either a small tension or a large curvature limit. The latter 
interpretation is of particular interest for the AdS/CFT correspondence [§], 
where the limit away from weak gravitation corresponds to a limit away 
from large A^ in the boundary theory. In any case e — > represents a high- 
energy limit where higher derivative terms, i.e., derivatives of the U{1) field 
strength, are expected to become important. Since we are studying a low 
energy effective action this limit thus seems irrelevant at first sight. Here 
we take the attitude, however, that there may be features of the high energy 
theory that are of topologic and algebraic nature and may be captured in 
such a limit. Alternatively, since we do not prove this, one may also study 
the limit of the model considered in its own right (i.e. independent of its 
relation to string theory). 

We again consider the TjpellB theory, which means that p is restricted 
to be odd. We are interested in the first few terms in an e- expansion of the 



action. To that end we rewrite the Born-Infeld part of ( |2.5| ) as 



S = g;^ fd^^ A...Ad^P+^e-'^[det-fdet{{eB + F)£} 

1 
det{(<5 + e(£5 + F)-iy}]2. (4.34) 

Making use of the expansion^ 

d^^ A ... A rf^P+ydet{(£5 + F)} = hsB + F) A ... A {eB + F), (4.35) 
where 2/ = p + 1, we expand the full action (|2.5|) as follows 



^This corresponds to the expansion of the determinant oi a.21 x 21 skew matrix as the 
square of the PfafRan. 
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-1 



+/£((e-* + gsC^''^)B + gsC^^^)F A ... A F + 0{e')} . (4.36) 

We see that the leading term corresponds to a couphng to a D-instanton. 
With q{X) = e""^ + 5f,C(o) it has the form 

fqFA...AF, (4.37) 

which displays its topological character: When q = const it is proportional 
to the Chern class of the U{1) field, and it is always independent of a metric. 
The subleading is a (generalized) Chern-Simons type term. Further we 
note that the form of the action ( [4.36| ) preserves SL{2, Z)-invariance. In fact, 
had we only considered the Born-Infeld action in this limit and then imposed 
SL(2, Z)-invariance, we would have discovered the C^'^' and C*-^-* couplings. 



5 Discussion 

We have studied two limits the Born-Infeld action for Z^-branes in a given 
fixed background. As a basis for this we used an action with rescaled 
fields and tension (e). The strong coupling limit we took to be defined by 
e^~ /gs « 1 with e fixed and the high energy limit we studied was e ^ 0. 

In the first limit we were able to solve the V^, W^, Ai and X^^ equations 
for C^"-* = 0,n = 0,...,p and recover the picture of the world volume as 
foliated by strings from [|I[. Restrictions on the geometry led to the possi- 
ble constituent strings going off to infinity (Dl-branes) or being closed. The 
general case proved to be considerably more complicated due to the pres- 
ence of the current built from the C*^"^'s, although we saw that the "string 
parton" picture survived in a particular example. In that example we found 
the additional option of the constituent strings being open but ending on the 
D-brane sources of the C*^"^ background fields. 

In the second limit, we found an e-expansion whose leading term is topo- 
logical. We also noted that SL{2, Z)-invariance predicts the form of the C^°^ 
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and C*-^-* couplings in the next to leading term. We also noted that inter- 
preting this limit as taking the radius i? ^ in the AdS picture, this limit 
should probe physics away from the large N limit. 

To proceed further with both these expansions one would need to specify 
the background. In fact, solving the Ai and X^ equations in the second 
limit order by order in e requires knowledge of the a'-dependence of the 
background. This is a possible direction for future research. It would also be 
interesing to compare our results to other ways of extracting string dynamics 
from Born Infeld theory, e.g. the Born-Infeld strings of [§ 
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